Abstract. We completely characterize extreme contractions between twodimensional strictly convex and smooth real Banach spaces, perhaps for the very first time. In order to obtain the desired characterization, we introduce the notions of (weakly) compatible point pair (CPP) and µ−compatible point pair (µ−CPP) in the geometry of Banach spaces. As a concrete application of our abstract results, we describe all rank one extreme contractions in L(ℓ 2 4 , ℓ 2 4 ) and L(ℓ 2 4 , H), where H is any Hilbert space. We also prove that there does not exist any rank one extreme contractions in L(H, ℓ 2 p ), whenever p is even and H is any Hilbert space. We further study extreme contractions between infinitedimensional Banach spaces and obtain some analogous results. Finally, we characterize real Hilbert spaces among real Banach spaces in terms of CPP, that substantiates our motivation behind introducing these new geometric notions.
Introduction.
Characterization of extreme contractions between Banach spaces is a classical problem in the geometry of Banach spaces. While the characterization problem has a definite solution for various particular pairs of Banach spaces [4, 5, 7, 8, 9, 12] , to the best of our knowledge, the problem remains unsolved in its most general form, even in the two-dimensional case. This is somewhat surprising, since which norm one operators are extreme contractions, should be, at least in principle, entirely governed by the geometries of the domain and the range spaces. Indeed, this is the motivation behind our quest for a geometric property in the framework of Banach spaces, that would completely characterize the class of extreme contractions between Banach spaces. Our present work is an initial step in that direction. We introduce two different geometric concepts, whose importance in studying extreme contractions between Banach spaces would be self-explanatory in due course of time. As a matter of fact, we completely characterize extreme contractions on a two-dimensional strictly convex and smooth real Banach space, in terms of the geometric concepts introduced by us. Without further ado, let us establish the relevant notations and terminologies to be used throughout the paper.
Let X, Y be Banach spaces. Throughout the paper, we assume the Banach spaces to be real and of dimension greater than 1. Let B X = {x ∈ X : x ≤ 1} and S X = {x ∈ X : x = 1} be the unit ball and the unit sphere of X, respectively. Let L(X, Y)(K(X, Y)) denote the Banach space of all bounded (compact) linear operators from X to Y, endowed with the usual operator norm. We write L(X, Y) = L(X)(K(X, Y) = K(X)), if X = Y. The notion of orthogonality in a Banach space plays an important role in determining the geometry of the underlying space. There are several notions of orthogonality in a Banach space, all of which are equivalent if the norm is induced by an inner product, i.e., if the Banach space is a Hilbert space. For our present purpose, we require the following two notions of orthogonality in a Banach space:
For any two elements x, y ∈ X, x is said to be Birkhoff-James [3, 6] orthogonal to y, written as x ⊥ B y, if x + λy ≥ x ∀λ ∈ R and x is said to be isosceles orthogonal [1] to y, written as x ⊥ I y, if x + y = x − y . For x ∈ X, we write x ⊥ = {y ∈ X : x ⊥ B y}.
As we will see in the later part of the paper, the norm attainment set of a bounded linear operator plays a vital role in the study of extreme contractions between Banach spaces. For a bounded linear operator T defined on a Banach space X, let M T denote the collection of all unit vectors in X at which T attains norm, i.e, M T = {x ∈ S X : T x = T }.
As mentioned in the beginning, let us introduce the following two geometric notions in order to have a better understanding of extreme contractions between Banach spaces. Definition 1.1. Let X, Y be two Banach spaces and x ∈ S X , y ∈ S Y . We say that (x, y) is a weakly compatible point pair if there exists z ∈ x ⊥ ∩ S X , w ∈ y ⊥ ∩ S Y and two constants r > 0, µ > 0 such that ax + bz ∈ B(x, r) ∩ S X =⇒ ay + bµw ≤ 1. (1) In this case we write (x, y) is a weak CPP. Any pair of constants (r, µ), that works in the above sense, is said to be a weak CPP constant for the pair (x, y). In particular, if z 0 ∈ x ⊥ ∩ S X , w 0 ∈ y ⊥ ∩ S Y satisfy (1) then we say that (x, y) is µ−CPP with respect to (z 0 , w 0 ). Definition 1.2. Let X, Y be two Banach spaces and x ∈ S X , y ∈ S Y . We say that (x, y) is a compatible point pair if there exists two constants r > 0, µ > 0 such that for any z ∈ x ⊥ ∩ S X and for any w ∈ y ⊥ ∩ S Y , ax + bz ∈ B(x, r) ∩ S X =⇒ ay + bµw ≤ 1. In this case we write (x, y) is a CPP. Any pair of constants (r, µ), that works in the above sense, is said to be a CPP constant for the pair (x, y).
In light of these newly introduced geometric notions, we study extreme contractions between Banach spaces. First we explore some basic properties of these notions. We further study the connection between operator norm attainment and weak CPP. We also prove that in a finite-dimensional smooth Banach space X, there exists nontrivial weak CPP. Next, we establish an interesting connection between weak CPP and a norm one linear operator of rank one being an extreme contraction. We extend the result for rank one bounded linear operators from a smooth and reflexive Banach space with Kadets-Klee property to a smooth Banach space. Let us recall that a normed space X is said to have Kadets-Klee property if for any sequence {x n } in X, x n ⇀ x and x n −→ x implies that x n −→ x. As we will see, using the notion of CPP, it is possible to completely characterize rank one extreme contractions between two-dimensional strictly convex and smooth Banach spaces. As a concrete application of our result, we describe all rank one extreme contractions in L(ℓ , where H is any Hilbert space. We also prove that there does not exist any rank one extreme contractions in L(H, ℓ 2 p ), whenever p is even and H is any Hilbert space. However, in order to characterize rank two extreme contractions between two-dimensional strictly convex and smooth Banach spaces, we do require the notion of µ−CPP. Combining our results, we obtain a complete characterization of extreme contractions between two-dimensional strictly convex and smooth Banach spaces. Indeed, this result can be viewed as an abstract generalization of the characterization of extreme contractions between ℓ 2 p spaces by Grzaslewicz [4] , Bandyopadhyay and Roy [2] and is a major highlight of the present paper. For a particular class of compact operators from a smooth and reflexive Banach space X with Kadets-Klee property to a smooth Banach space Y, we prove an analogous connection between extreme contractions and CPP. As some further applications of extreme contractions and CPP in the study of geometry of Banach spaces, we relate these notions with strict convexity. We also obtain a characterization of real Hilbert space in terms of CPP, namely, a real Banach space X is a Hilbert space if and only if (x, x) is a CPP for each x ∈ X with CPP constant (r, 1) for any r > 0. We would like to remark that apart from distinguishing Hilbert spaces among Banach spaces, this further substantiates our geometric motivation for introducing the concept of CPP.
Main Results
Let us begin with a simple proposition which will be used throughout the paper. 
Proof. Follows easily from the convexity of the norm.
In the next proposition we discuss some of the basic properties related to the notions of (weak) CPP. 0), (1, 1) ) is not a weak CPP. (v) We give the proof for weak CPP, the proof for CPP follows similarly. Since (x, y) is a weak CPP with CPP constant (r 0 , µ 0 ) and 0 < r ≤ r 0 , there exists z ∈ x ⊥ ∩S X and w ∈ y ⊥ ∩S Y , ax+bz ∈ B(x, r)∩S X =⇒ ax+bz ∈ B(x, r 0 )∩S X =⇒ ay +bµ 0 w ≤ 1. Since 0 < µ ≤ µ 0 , using Proposition 2.1, we have, ay +bµw ≤ 1. Thus (x, y) is a weak CPP with weak CPP constant (r, µ). (vi) Let (x, y) be a CPP with CPP constant (r, µ). Since x is not an extreme point of B X , there exists x 1 , x 2 ∈ B X such that x = x 1 , x = x 2 and x = 1 2 (x 1 + x 2 ). It is easy to check that x ⊥ B (x 1 − x). Clearly, there exists 0 < t < 1 such that
Since (x, y) is a CPP, for any w ∈ y ⊥ ∩ S Y , we have, y ± tµw ≤ 1. Also y ⊥ B w implies that y ± tµw ≥ 1 and so y ± tµw = 1. Clearly y = In the next theorem, we establish a connection between operator norm attainment and weak CPP, for bounded linear operators between smooth Banach spaces. Proof. If T z = 0 for all z ∈ x ⊥ ∩ S X then rank T = 1, a contradiction to our hypothesis that rank T > 1. Therefore, there exists z ∈ x ⊥ ∩ S X such that T z = 0. Since X, Y are smooth, x ∈ M T and x ⊥ B z, from Theorem 2.2 of [11] , we have, T x ⊥ B T z. If possible, suppose that (x, T x) is not a weak CPP. Then, for any r > 0, 0 < µ < T z , there exists a, b ∈ R such that ax + bz ∈ B(x, r) ∩ S X but aT x + bµ T z T z > 1. In other words, T w > 1, where w = ax + bµ T z z. Since x ⊥ B z, it follows that |a| ≤ ax + bz = 1. Since 0 < µ T z < 1, using Proposition 2.1, we have w ≤ 1. Now, T w > 1 and w ≤ 1 together imply that T > 1, a contradiction to our assumption that T = 1. Therefore, (x, T x) is a weak CPP. This completes the proof of the theorem. 
Proof. Since every compact operator on a reflexive Banach space attains norm, it follows that M T = ∅. Since T is invertible, it follows from Theorem 2.3, that (x, T x) is a weak CPP for each x ∈ M T .
We have already observed in Proposition 2.2 that given any x ∈ S X , (x, x) is a weak CPP. In the next Theorem, we establish the existence of nontrivial weakly compatible point pair(s) in any finite-dimensional smooth Banach space.
Theorem 2.4. Let X be a finite-dimensional smooth Banach space. Then there exists x, y ∈ S X , such that y = ±x and (x, y) is a weak CPP.
Proof. Let us first suppose that X is two-dimensional. Let {x 1 , x 2 } be a basis of X. Define S ∈ L(X) by Sx 1 = x 2 and Sx 2 = −x 1 . Clearly, S has no real eigenvalue. Let T = 1 S S. Clearly, T is invertible and T has no real eigenvalue. Let x ∈ M T . Then by Corollary 2.3.1, we have, (x, T x) is a weak CPP. Clearly, T x = ±x, since otherwise, ±1 will be an eigenvalue of T , a contradiction to the fact that T has no real eigenvalue. This completes the proof of the theorem in the special case of X being two-dimensional. Now, let X be n-dimensional (n ≥ 3). By Theorem 4.33 of [1] , there exist two linearly independent vectors x 1 , x 2 in X such that x 1 + x 2 = x 1 − x 2 , i.e., x 1 , x 2 are isosceles orthogonal. Let {x 1 , x 2 , x 3 , . . . , x n } be a basis of X. Define S ∈ L(X) as follows:
Clearly, S is invertible and 1 2 is the only real eigenvalue of S. Now, S(
is the only real eigenvalue of T and 0
is a weak CPP. Clearly, T x = ±x, since otherwise, ±1 will be an eigenvalue of T , a contradiction. This proves the theorem.
In a Hilbert space H, a bounded linear operator in L(H) is an extreme contraction if and only if it is an isometry or a coisometry [5, 8] . In particular, there does not exist a rank one bounded linear operator in L(H) which is an extreme contraction. However, the scenario is dramatically different in case of bounded linear operators between general Banach spaces, which are not necessarily Hilbert spaces. Indeed, it follows from the works of Grzaslewich [4] that there exists rank one extreme contractions in L(ℓ 2 p ). In the next theorem, we give a sufficient condition for a rank one bounded linear operator from a smooth Banach space to a strictly convex and smooth Banach space to be an extreme contraction. Theorem 2.5. Let X be a smooth Banach space and Y be a strictly convex and smooth Banach space. Let T ∈ L(X, Y) be such that rank T = 1 and T = 1. If (x, T x) is not a weak CPP for some x ∈ M T , then T must be an extreme contraction.
Proof. Since x ∈ M T and rank T = 1, applying Theorem 2.2 of [11] , we have, T y = 0 for all y ∈ x ⊥ ∩S X . If possible, suppose that T is not an extreme contraction. Then there exists
Clearly, there exists y ∈ x ⊥ ∩ S X such that T 1 y = 0, otherwise, T 1 will be equal to T , a contradiction. Since X, Y are smooth, x ∈ M T1 and y ∈ x ⊥ ∩ S X , applying Theorem 2.2 of [11] , we have,
⊥ ∩ S Y and for some nonzero real number µ. Now, T y =
Without loss of generality assume that µ > 0. Now, since (x, T x) is not a weak CPP, for r > 0, µ > 0 there exists a, b ∈ R such that ax + by ∈ B(x, r) ∩ S X but aT x + bµw > 1. Therefore, we have, aT 1 x + bT 1 y > 1 =⇒ T 1 (ax + by) > 1.
Since ax + by = 1, we must have, T 1 > 1, a contradiction to our assumption that T 1 ≤ 1. Therefore, T must be an extreme contraction. This completes the proof of the theorem.
In case, X is a two-dimensional smooth Banach space and Y is a two-dimensional strictly convex and smooth Banach space, the above theorem can be substantially strengthened to obtain the following theorem: Theorem 2.6. Let X, Y be two-dimensional smooth Banach spaces and in addition, Y be strictly convex. Let T be a rank one operator from X to Y with T = 1. If (x, T x) is not a CPP for some x ∈ M T , then T is an extreme contraction.
Proof. If possible, suppose that T is not an extreme contraction. Then there exists
. Now, since rank T = 1 and x ⊥ B y, we must have, T y = 0. Since T 1 = T, it is easy to deduce that T 1 y = 0. Therefore, T 1 y = µw, T 2 y = −µw for some µ ∈ R \ {0} and w ∈ (T x) ⊥ ∩ S Y . Without any loss of generality, let us assume that µ > 0. Let us also observe that since Y is smooth, if u ∈ S X is such that T x ⊥ B u then u = ±w. Now, since (x, T x) is not a CPP, for r > 0, µ > 0, there exists a, b ∈ R such that ax + by ∈ B(x, r) ∩ S X but either aT x+bµw > 1 or aT x−bµw > 1. In the first case, T 1 (ax+by) > 1 and in the second case, T 2 (ax + by) > 1. Since ax + by = 1, we have, either T 1 > 1 or T 2 > 1. However, this contradicts our initial assumption that T 1 = T 2 = 1. Therefore, T must be an extreme contraction. This completes the proof of the theorem.
The restriction on the dimension of the domain space X (codomain space Y) can be relaxed if the corresponding norm on X (codomain space Y) is induced by an inner product. We observe that in a Hilbert space H, if x, y, u, v ∈ S H are such that x ⊥ y and u ⊥ v then ax + by 2 = au + bv 2 = a 2 + b 2 . We now state the following theorem whose proofs follow in the same line of arguments of Theorem 2.6. Theorem 2.7. Let H be any Hilbert space and X, Y be two-dimensional strictly convex smooth Banach spaces. Let T be a rank one operator from H to Y (from X to H) with T = 1. If (x, T x) is not a CPP for x ∈ M T , then T is an extreme contraction.
In the following theorem, in a smooth and reflexive Banach space with KadetsKlee property, we give a sufficient condition for a rank one bounded linear operator T to be such that T is not an extreme contraction. Proof. Since X is smooth, rank T = 1 and x ∈ M T , once again applying Theorem 2.2 of [11] , it is easy to check that T h = 0 for all h ∈ x ⊥ . We also note that since X is smooth, there exists a unique hyperspace H 1 of codimension 1 such that x ⊥ B H 1 . Choose y ∈ H 1 ∩ S X . Then there exists a unique hyperspace H 2 in H 1 such that y ⊥ B H 2 . Hence, every z ∈ X can be uniquely written as ax + h 1 , where a ∈ R, h 1 ∈ H 1 . Again, h 1 can be uniquely written as by + h 2 , where b ∈ R, h 2 ∈ H 2 . Therefore, every z ∈ X can be uniquely written as ax + by + h 2 , where a, b ∈ R, h 2 ∈ H 2 . Choose w ∈ S Y such that T x ⊥ B w. For each n ∈ N, define T n , S n in the following way:
It is easy to see that T n , S n ∈ K(X, Y).
⊥ ∩ S Y . Choose n 0 ∈ N such that 0 < 1 n < µ for all n ≥ n 0 . We show that T n z ≤ 1 for all n ≥ n 0 . Let z = (ax + by + h 2 ) ∈ B(x, r) ∩ S X , where, h 2 ∈ H 2 . If by + h 2 = 0 then clearly T n z ≤ 1. Let by + h 2 = 0. Then z = ax + ch, where, c = by + h 2 and h = 1 c (by + h 2 ). Then |b| ≤ by + h 2 = c, since y ⊥ B h 2 . Hence, z = ax + ch ∈ B(x, r) ∩ S X =⇒ aT x ± cµw ≤ 1. Since |b| ≤ c, −cµ < b n < cµ for all n ≥ n 0 . Therefore, using Proposition 2.1, we have, for all n ≥ n 0 ,
Since y n ∈ M Tn and T n > 1, we must have, y n / ∈ B(x, r). Similarly, it can be shown that y n / ∈ B(−x, r). Since X is reflexive, B X is weakly compact. Therefore, {y n } has a weakly convergent subsequence in B X . Without loss of generality, let us assume that {y n } weakly converges to y 0 ∈ B X . Now, let z = (ax + by + h 2 ) ∈ S X . Then |a| ≤ (ax + by + h 2 ) = 1 and |b| ≤ (by + h 2 ) = z − ax ≤ 1 + |a| ≤ 2. Therefore,
n . This implies that (T n − T )z −→ 0 as n −→ ∞. Hence, T n −→ T . Since T is a compact operator and {y n } weakly converges to y 0 , {T y n } converges strongly to T y 0 . Therefore, T n y n − T y 0 ≤ T n y n − T y n + T y n − T y 0 ≤ T n − T + T y n − T y 0 −→ 0 as n −→ ∞. Hence, T n y n −→ T y 0 =⇒ T n y n −→ T y 0 =⇒ T y 0 ≥ 1, since T n y n > 1 for all n ∈ N. Since T = 1 and y 0 ∈ B X , T y 0 = 1. Therefore, y 0 = ±x. Again, y n ⇀ y 0 and y n −→ y 0 . Hence, y n −→ y 0 . This implies that y 0 / ∈ B(±x, r), a contradiction. Therefore, T is not an extreme contraction. This establishes the theorem.
We would like to note that combining Theorem 2.6 and Theorem 2.8, we obtain a complete characterization of rank one extreme contractions from a two-dimensional smooth Banach space to a two-dimensional strictly convex and smooth Banach space. We state the characterization in form of the following theorem: Remark 2.1. In addition, if we assume that X is strictly convex then rank T = 1 will imply that M T = {±x} and so the assumption that M T = {±x} can be relaxed from the hypothesis of Theorem 2.8 and Theorem 2.9.
As before, if the domain space X (codomain space Y) is a Hilbert space then combining Theorem 2.7 and Theorem 2.8, we have the following two characterizations: As concrete applications of Theorem 2.9, we would completely describe rank one extreme contractions between two-dimensional strictly convex smooth Banach spaces, in three special cases. First, we completely describe rank one extreme contractions in L(ℓ 2 4 ). In view of Theorem 2.9, our strategy is to determine when a pair of points on the unit sphere of ℓ Proof. First we prove the sufficient part of the theorem. Suppose that xy = 0 and x 1 y 1 = 0. If possible, suppose that ((x, y), (x 1 , y 1 )) is a CPP with CPP constant (r, µ). We observe that in ℓ . Since xy = 0, (x, y) = (±1, 0) or (0, ±1). Let (x, y) = (1, 0).
4 ≤ 1 and so
We can find sufficiently small b for which (a, b) ∈ B((1, 0), r) ∩ S X but (1) does not hold. Therefore, ((1, 0), (x 1 , y 1 )) is not a CPP. Similarly, it can be shown that ((−1, 0), (x 1 , y 1 )) is not a CPP and ((0, ±1), (x 1 , y 1 )) is not a CPP. Next, we prove the necessary part of the theorem. Suppose that ((x, y), (x 1 , y 1 )) is not a CPP. If possible, suppose that xy = x 1 y 1 = 0. Then it is easy to verify that ((x, y), (x 1 , y 1 )) is a CPP, contradicting our assumption. Therefore, either xy = 0 or x 1 y 1 = 0. Next, let xy = 0. Choosing 0 < r < min{ 3|xy| 8k+6|xy| , 1}, we can find a µ > 0 such that a(x, y) + bk(∓y 3 , ±x 3 ) ∈ B((x, y), r) ∩ S X implies that a(x 1 , y 1 ) + bµk 1 (∓y y 1 ) ) is a CPP if xy = 0. We note that the case x 1 y 1 = 0 has already being taken care of. Hence, if ((x, y), (x 1 , y 1 )) is not a CPP we must have xy = 0 and x 1 y 1 = 0. This completes the proof of the theorem. Now we completely describe rank one extreme contractions in L(ℓ Proof. Let T be a rank one operator on ℓ 2 4 such that T = 1. Suppose T attains norm at (x, y) and T (x, y) = (x 1 , y 1 ). Then from Theorem 2.9, we have, T is an extreme contraction if and only if ((x, y), (x 1 , y 1 )) is not a CPP. Therefore, by Theorem 2.12, we have, xy = 0 and x 1 y 1 = 0. Now, xy = 0 implies that either (x, y) = ±(1, 0) or (x, y) = ±(0, 1). Since T is rank one, applying Theorem 2.2 of [11] , it is easy to deduce that in the first case, T (0, 1) = (0, 0), whereas in the second case, T (1, 0) = (0, 0). Therefore, the matrix representation of T with respect to the standard ordered basis is necessarily of the form
where, x 1 y 1 = 0 and x We would like to remark that Theorem 2.13 falls completely within the scope of the analysis of extreme contractions in L(ℓ 2 p ), presented in [4] . However, the true strength of Theorem 2.9 and Theorem 2.10 lies in the fact that it is applicable for general two-dimensional spaces and furthermore, we are allowed to take the domain space and the range space different from one another. In the next theorem, we present a result in this direction by proving that there does not exist any rank one extreme contraction in L(H, ℓ 2 p ), whenever p is even and H is any Hilbert space. Clearly, this is outside the scope of [4, 2] and moreover, this also illustrates how drastically the nature of extreme contractions can change if we chose the domain and the range space different from one another. Theorem 2.14. Let T be a rank one operator from H to ℓ 2 p , where p is even and H is any Hilbert space. Let T = 1. Then T is not an extreme contraction.
Proof. We first show that for any x ∈ S H and (
. In order to prove our claim, we have to find µ > 0 such that a(x 1 , y 1 ) + bµk 1 (∓y
This holds if and only if
Hence,
Similarly, a(x 1 , y 1 ) + bµk 1 (y
Thus ( x, (x 1 , y 1 )) is a CPP. Therefore, if T ∈ L(H, ℓ 2 p ) be such that T = 1 and rank T = 1 then by Theorem 2.10, we conclude that T is not an extreme contraction.
Using similar method, we can characterize the class of all rank one extreme contraction in L(ℓ 
where, x 2 ) also follows from Theorem 2.2 of [2] . However, Theorem 2.15 is applicable for any Hilbert space as the range space, whereas, Theorem 2.2 of [2] is applicable only in the two-dimensional case.
Let us further note that the significance of the domain space and the range space in the study of extreme contractions between Banach spaces is further illustrated by Theorem 2.14 and Theorem 2.15. In L(H, ℓ The following example shows that the condition rank T = 1 in Theorem 2.8 is not necessary for T to be such that T is not an extreme contraction.
Then it is easy to check that M T = {±(1, 0)}. Again ((1, 0), (1, 0)) is a CPP. From [4] , it is easy to see that T is not an extreme contraction.
The above example calls for our attention towards the problem of characterizing rank two extreme contractions on a two-dimensional strictly convex and smooth Banach space. In this context, it is worthwhile to observe that if a linear operator T , defined between two-dimensional strictly convex Banach spaces, attains norm at two linearly independent unit vectors then T is surely an extreme contraction. Therefore, it is sufficient to restrict our attention to rank two linear operators between two-dimensional strictly convex and smooth Banach spaces, which attain norm at only one pair of points. As we will see in the following theorem, in order to obtain a desired characterization in this case, the notion of µ−CPP plays a vital role. We consider T ∈ L(X, Y), where, X, Y are two-dimensional smooth Banach spaces and Y is strictly convex. Let T = 1, rank T = 2, M T = {±x}. Let y ∈ x ⊥ ∩ S X . Then clearly 0 < T y < 1. As X and Y are both smooth so T x ⊥ B T y. Let w = T y T y . In the following theorem we prove that T is not an extreme contraction if and only if (x, T x) is a µ-CPP with respect to (y, w) for some µ > T y . Proof. We first prove the necessary part of the theorem. Let T y = k. Suppose that T is not an extreme contraction. Then there exists
Since T x is an extreme point of B Y , we have, T x = T 1 x = T 2 x, i.e., x ∈ M T1 ∩ M T2 . Therefore, again applying Theorem 2.2 of [11] , we have, x ⊥ B y =⇒ T 1 x ⊥ B T 1 y =⇒ T x ⊥ B T 1 y. Therefore, T 1 y = (k + δ)w and T 2 y = (k − δ)w for some δ ∈ R \ {0}. Let ax + by ∈ S X . Then T 1 (ax + by) ≤ 1 =⇒ aT x + b(k + δ)w ≤ 1 and T 2 (ax + by) ≤ 1 =⇒ aT x + b(k − δ)w ≤ 1. Therefore, aT x + b(k + |δ|)T y ≤ 1. Thus, (x, T x) is a µ−CPP with respect to the pair (y, w) for some µ > T y . This completes the proof of the necessary part of the theorem.
For the sufficient part, assume that (x, T x) is a µ−CPP with respect to the pair (y, w) for some µ > T y = k. Let µ = k +ǫ for some ǫ > 0. Therefore, there exists r > 0 such that ax + by ∈ B(x, r) ∩ S X implies that aT x + b(k + ǫ)w ≤ 1. Since M T = {±x}, there exists δ > 0 such that sup{ T h : h ∈ B(x, r) c ∩ S X } = 1 − δ. Choose 0 < c < min{k, δ 2 , ǫ}. Define linear operators T 1 , T 2 from X to Y as follows:
Let ax + by ∈ B(x, r) ∩ S X . Then since aT x + b(k + ǫ)w ≤ 1, using 0 < k − c < k + c ≤ k + ǫ and Proposition 2.1, we obtain, T 1 (ax + by) = aT x + b(k + c)w ≤ 1 and T 2 (ax + by) = aT x + b(k − c)w ≤ 1. Now, let ax + by ∈ B(x, r) c ∩ S X . Since x ⊥ B y and ax+by = 1, |b| ≤ ax+by + ax ≤ 2. Then T 1 (ax+by) = aT x+b(k+c)w = T (ax + by) + bcw ≤ T (ax + by) + |bc| ≤ 1 − δ + 2c < 1 − δ + δ = 1. Therefore, T 1 = 1. Similarly it can be shown that T 2 = 1. Hence, T is not extreme contraction.
Now we are in a position to completely characterize extreme contractions between two-dimensional strictly convex and smooth Banach spaces. We would like to remark that to the best of our knowledge, such a general characterization of extreme contractions is being presented for the very first time. Indeed, we have the following theorem: 
is not a µ−CPP with respect to the pair (y, w) for any µ > k. So far, our analysis has been mostly confined to two-dimensional (strictly convex and smooth) Banach spaces. A more general result, without any restriction on the dimension of the space, is given in the form of the following theorem: Theorem 2.18. Let X be a smooth, reflexive Banach space with Kadets-Klee property and Y be a smooth Banach space. Let T ∈ K(X, Y) be such that T = 1 and T is a smooth operator. Then M T = {±x}, for some x ∈ S X . Moreover, if
We would also like to illustrate that extreme contractions and this newly introduced notion of CPP play an important role in determining the geometry of the underlying space. First we deal with strict convexity. Indeed, our next two theorems separately give a characterization of strict convexity (in the two-dimensional case) and a sufficient condition for strict convexity (without any restriction on the dimension of the underlying space), using the notions of extreme contractions and CPP.
Theorem 2.19. Let X be a two dimensional Banach space. Suppose for any T ∈ L(X), T attains norm at least at two linearly independent vectors implies that T is an extreme contraction. Then X is strictly convex.
Proof. If possible, suppose that X is not strictly convex. Then there exists x, y ∈ S X and λ 0 > 0 such that the line segment joining x + λ 0 y and x − λ 0 y is a subset of S X . This clearly implies that x ⊥ B y. Define linear operators T, T 1 , T 2 on X as follows:
Then it is easy to check that T attains norm at two linearly independent vectors x + λ 0 y and x − λ 0 y. Also it is easy to verify that T = T 1 = T 2 = 1, for if z = ax + by ∈ S X then T 1 z = a(x + 1 2 λ 0 y) = |a| ≤ ax + by = 1 and T 1 x = 1. Thus T = 1 2 (T 1 + T 2 ) and T = T 1 , T = T 2 shows that T is not an extreme contraction, contradicting the hypothesis. Therefore, X must be strictly convex.
Theorem 2.20. Let X be a Banach space such that for any x ∈ S X , (x, x) is a CPP. Then X is strictly convex.
Proof. If possible, suppose that X is not strictly convex. Then there exists y, z ∈ S X and λ 0 > 0 such that the line segment joining y + λ 0 z and y − λ 0 z is a subset of S X . Let S = {λ > 0 : y + λz > 1}. Then S is nonempty, for, y + λz ≥ |λ| − 1 > 1 for |λ| > 2. Let k = inf S. Let x = y + kz. If y + kz > 1 then clearly there exists δ > 0 such that y + λz > 1 for all λ ∈ (k − δ, k + δ), which contradicts the fact that k = inf S. So x = 1. Clearly, x ⊥ B z and x − λz = 1 for all λ ∈ [0, k]. We claim that (x, x) is not a CPP which leads to a contradiction. Let r > 0. Then we can find λ ∈ [0, k] such that x − λz ∈ B(x, r) ∩ S X but x + µλz > 1 for any µ > 0. This completes the proof of the theorem.
As the final result of this paper, we obtain a complete characterization of Hilbert spaces among Banach spaces in terms of CPP. Proof. The necessary part follows easily from Proposition 2.2(ii). For the sufficient part, we show that if x, y ∈ S X and x ⊥ B y then x ⊥ I y. Since for any x ∈ S X , (x, x) is a CPP, from Theorem 2.20, we have, X is strictly convex. Let x, y ∈ S X and x ⊥ B y. Then x + y > 1. Let c = 1 x+y . Then 0 < c < 1 and c(x + y) ∈ S X . Clearly, c(x + y) ∈ B(x, 1) and so cx − cy ≤ 1, since (x, x) is a CPP. We claim that cx − cy = 1. If possible, suppose that cx − cy < 1. Define a function f : R −→ R by f (a) = cx − ay .
Clearly, f is continuous on R and f (c) < 1. Also, f (c + 2) = cx − (c + 2)y ≥ c + 2 − c = 2 > 1. Therefore, by continuity of f, there exists some λ ∈ (c, c + 2) such that f (λ) = 1, i.e., cx − λy = 1. Since (x, x) is a CPP, cx + λy ≤ 1.Then cx + cy = (1 − c λ )cx + c λ (cx + λy)
=⇒ cx + cy ≤ (1 − c λ ) cx + c λ (cx + λy)
=⇒ cx + cy < (1 − c λ ) + c λ =⇒ cx + cy < 1, a contradiction.
Therefore, cx − cy = 1 and so x + y = x − y . Hence, x ⊥ B y =⇒ x ⊥ I y. Finally, let us observe that from Theorem 5.1 of [1] , it now follows that X is a Hilbert space. This completes the proof of the theorem.
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